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We consider the quantum XY model and study the effects of interacting perturbations on the time evolution of the von Neumann and Rényi entropies of spin blocks after global quenches. We show that the entropies are sensitive to perturbations that break hidden symmetries behind the integrability of the model. At times much larger than the characteristic time of the well-known linear increase of the entropies, we identify a time window characterized by a novel linear growth followed by saturation. The typical time of the phenomenon is inversely proportional to the perturbation strength and the behavior is trigger off by the extinction of an infinite number of local conservation laws following a non-abelian algebra. The universality of the crossover is revealed by a semi-classical picture that captures the leading behavior of the entropies. We check our theoretical predictions against iTEBD simulations. The good agreement between theory and numerics substantiates the method developed in [Bertini and Fagotti, J. Stat. Mech. (2015) P07012] for investigating a pre-relaxation limit in weakly interacting models.
I. INTRODUCTION
A global Hamiltonian parameter is suddenly changed and the state, originally in equilibrium, evolves under a different Hamiltonian. This simple protocol of nonequilibrium time evolution is generally called a "global quench". Since the first studies on global quenches, many exciting theoretical aspects have been uncovered (emergence of statistical descriptions, universality of dynamics, etc.) and observed in numerical simulations [24] [25] [26] [27] [28] [29] [30] [31] and real experiments [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] . One of the first theoretical insights was that the entanglement entropies (von Neumann and Rényi entropies) of subsystems follow a universal behavior 1 . In the framework of conformal field theory (CFT), Ref. [1] showed that the entropies of an interval grow linearly in time until a particular time proportional to the subsystem length . Then, they saturate to stationary values. It was soon realized that the linear behavior is almost independent of the system details: despite CFTs describing only a class of critical models, a similar time evolution appears in the (space-time) scaling limit ∼ t 1 also in noncritical spin chains. The semiclassical interpretation proposed in Ref. [1] is indeed expected to hold rather generally [43] [44] [45] . Furthermore, the extent of the time window of linearity is inversely proportional to the (Lieb-Robinson 46 ) maximal velocity v M at which information propagates, so the analysis of the entropies represents a simple way to extract v M .
After Ref. [1] there has been an increasing interest in the non-equilibrium time evolution of the entanglement entropies. A large part of works concerned the dynamics induced by short-range Hamiltonians 44, 45, [47] [48] [49] [50] , but recently some attention moved also to global quenches with long-range interactions 51, 52 . In addition, the entanglement entropy has been at the center of intensive research in other non-equilibrium problems, like local and geometric quenches [53] [54] [55] [56] . It is also worth mentioning that there are a few proposals, based on local quenches, to measure the entanglement entropies in real experiments 57, 58 . In spite of the numerous studies on global quenches, not much attention was paid to the relaxation process of the entropies: the lack of a simple picture explaining the approach to the stationary values has probably been a major deterrent to the research on that topic. Indeed, to the best of our knowledge, the long time behavior of the von Neumann entropy after a global quench has been analyzed analytically only in the quantum XY model 43 , where, depending on the system details, it was found either a simple power-law relaxation ∼ 2 /t or a more elaborate decay ∼ 4 log(t/ )/t 3 . The goal of this paper is to identify some universal aspects that emerge in a long time limit. We choose a backward point of view, asking firstly what are the features that dramatically affect the values of the entropies at infinite time after the quench.
It is widely believed that at late times after global quenches in generic models local degrees of freedom can be described by a Gibbs ensemble (GE) with an effective temperature depending on the initial state [59] [60] [61] [62] [63] [64] . In integrable models, instead, infinite information about the initial state is retained and the stationary properties are described by a generalized Gibbs ensemble (GGE) constrained by infinitely many (quasi-)local conservation laws 4, 11 . Among the integrable models it is also convenient to distinguish the ones with an infinite number of local conservation laws that satisfy a non-abelian algebra 22 , which will be refereed to as non-abelian integrable models 65 . Also in the latter case a GGE is expected to describe the stationary properties of local observables, but infinitely more information than usual is retained about the initial state at late times. Clearly, the entanglement entropies are very sensitive to constraints on the dynamics, and indeed relaxation to a GE, a GGE, or a "non-abelian" GGE result in different asymptotic values.
Our strategy is to perturb the Hamiltonian in such a way that the limit of infinite time does not commute with the limit of zero perturbation. In other words, we consider perturbations that break hidden symmetries behind the integrability of the model. It is then reasonable to expect that, as long as the time is sufficiently large but much smaller than some characteristic time determined by the perturbation, the entropies settle close to the stationary values associated with the unperturbed integrable model (prethermalization plateau): the GGE of the unperturbed model, possibly including also noncommuting charges, is a good local approximation of the state. Whenever the unperturbed set of local charges is abelian and the perturbation breaks integrability, at larger times the expectation values move from the prethermalization plateau and reach the values predicted by the GE. When instead the perturbation breaks nonabelian integrability into integrability, a subset of charges is destroyed and the remaining ones are deformed; as a consequence, the earliest plateau (pre-relaxation plateau) is generally followed by a less constrained GGE (although persistent oscillatory behavior could remain). If the perturbation breaks also integrability, in even longer times all charges but the Hamiltonian become extinct, inexorably leading to a GE. Therefore, we recognize the strength of a perturbation that breaks integrability or non-abelian integrability as a relevant parameter to the late time behavior of local observables and entanglement entropies.
Since infinitesimal perturbations are sufficient to trigger off a crossover between macroscopically different ensembles and the entropy per unit length is robust under a large class of transformations, we can expect most of the details of the system and of the perturbations to be qualitatively irrelevant: the time evolution of the entanglement entropies in the time window of the crossover could display some form of universality. a. The model. We consider the Hamiltonian of the XYZ model
where σ α act like Pauli matrices on site and like the identity elsewhere. We have not explicitly written an overall multiplicative constant with the dimensions of an energy, which can be viewed as implicitly attached to the time. The XYZ spin-1 2 chain is an interacting integrable model that can be solved by algebraic Bethe ansatz 66 . For ∆ = 0 it is reduced to the quantum XY model and can be mapped to a noninteracting chain of spinless fermions 67 . The XY model has an infinite nonabelian set of local conservation laws 22 , so, in the limit ∆ → 0, (A2) describes a non-abelian integrable model. We also consider two perturbations that break integrability (for generic γ and ∆):
Thus, in its most general form, the Hamiltonian reads as
We multiplied the terms that (are supposed to) break non-abelian integrability by ∆, so ∆ is expected to characterize the timescale at which the hidden symmetry breaking becomes manifest. On the other hand, for h or U different from zero, relaxation to a thermal ensemble generally occurs on much longer timescales that depend on ∆U and ∆h in a different way (the results of Ref. [68] suggest timescales ∼ (∆U ) −2 , (∆h) −2 ). In Refs [22] [69] some effects of hidden symmetry breaking have been identified in the time evolution of local observables, provided that the initial state breaks onesite shift invariance, like the ground state of H ∆ in the antiferromagnetic phase. A posteriori, this explains why the original investigations 43 on the time evolution of the entropy after quantum quenches in the XY model did not show any peculiar behavior beyond the scaling limit of Ref. [1] . We therefore consider initial states in which the symmetry with respect to translations by one site is (spontaneously) broken.
b. Results. Let us denote by
the reduced density matrix of a subsystem A consisting of adjacent spins (Ā is the complement of A) and by
the corresponding Rényi entropies (the von Neumann entropy being S = lim α→1 + S (α) ). The main result of this paper is that, up to corrections that approach zero in the limit of small perturbation, the entropies per unit length asymptotically behave as follows
Here v M is the maximal velocity at which information propagates andṽ M is another velocity emerging at intermediate times; σ
is the entropy per unit length in the earliest plateau while σ
is the value reached at larger times. The last undefined inequality signifies that the final regime is not expected to extend over infinite times. In particular, σ
can be still different from the value approached at infinite times after the quench.
The first time window in (6) corresponds to a wellknown limit 1 and will not be discussed here. On the other hand, times t ∼ ∆ − 1 have not yet been explored, so we will focus on the limit ∆ 1 with ∆t ∼ O(∆ 0 ). We will give a semi-classical interpretation to the scaling law (6) and demonstrate the formula both numerically and, in some cases, analytically, by deriving an asymptotic analytic expression for S / (cf. (59)).
c. Organization of the paper. Section II is a concise review of what is meant by non-abelian integrability and what are the expected effects on quench dynamics. In Section III we summarize the results of Refs [22] [69] , which are focussed on the dynamics in an intermediate time window called pre-relaxation limit. Section IV provides a physical interpretation of (6), based on very general arguments. The subsequent sections are instead devoted to the explicit solution of the dynamics in the model with Hamiltonian (A1). Specifically, Section V describes the initial state. Section VI is devoted to the analytical and numerical analysis of the pre-relaxation limit after quenches from the Néel state. In Section VII dynamics characterized by persistent oscillations are considered. We summarize our results in Section VIII. Secondary aspects and some details of the iTEBD simulations are reported in the supplemental material [70] .
II. NON-ABELIAN INTEGRABILITY
The notion of integrability for a quantum model like (A2) is deeply connected with its conservation laws. Using algebraic Bethe ansatz 71 , one can indeed construct an infinite family of local 72 conservation laws Q j in involution with one another
In principle, there could be other independent (quasi-)local charges [73] [74] [75] , however, in the absence of manifest symmetries (like SU (2) for γ = 0 and ∆ = 1), the set of local conservation laws is generally assumed to be abelian (7) .
As a matter of fact, there are exceptions in which hidden symmetries generate an infinite number of additional local conservation laws, the simplest example being the quantum XY model, with Hamiltonian H 0 22 . The XY model can be mapped to free fermions and the dispersion relation satisfies ε k = ε k+π . This in turn produces an infinite number of local conservation laws Q j that break one-site shift invariance and do not commute with one another
We stress that, relaxing the requirement of locality, the existence of noncommuting conservation laws is not exceptional. For example, any reflection symmetric spin model that can be mapped to noninteracting fermions has a dispersion relation with the symmetry ε k = ε −k . This generates an infinite number of noncommuting charges, which however are nonlocal. On the other hand, the non-abelian set of charges of the XY model is local and infinitely larger than the abelian set found in the absence of the symmetry ε k = ε k+π , justifying the appellation of "non-abelian integrable model". The immediate consequence of (8) is that in the thermodynamic limit not all local charges are needed to classify the states. Any maximal abelian subset of {Q j } can be used to that aim, and indeed the classification is not unique but depends on the subset.
A. Local charges in noninteracting spin chains Spin-1 2 models that can be mapped to noninteracting fermionic chains can be investigated with specific techniques that, to some extent, go beyond the standard Bethe ansatz solution of the model. Here we briefly remind the reader of the free-fermion formalism to construct the local conservation laws. We focus on one-site shift invariant models that are mapped to noninteracting fermions by the Jordan-Wigner transformation (here written in terms of Majorana fermions {a , a n } = 2δ n )
This means that, apart from boundary terms (which are irrelevant, if neglected both in the mapping from spins to fermions and in the reverse mapping to the spins) the noninteracting HamiltonianH can be written as
whereH is a block circulant matrix with 2-by-2 blocks
with , n ∈ {1, . . . , L}. The sum is over inequivalent momenta of the form 2πn L , with n integer (in the thermodynamic limit the quantization rule is not important). The 2-by-2 matrixH
(1) (k) is usually called symbol. If s is a divisor of L we can also define the s-site representatioñ H (s) (k) of the symbol, which is obtained by gathering together blocks of s sites (reducing thus the effective size of the chain L → L s at the price of increasing the local space):
Here , n ∈ {1, . . . , L/s} andH (s) (k) is a (2s)-by-(2s) matrix with the following properties:
To be explicit,H i+2s(l−1),j+2s(n−1) = (H (s) n ) i,j . A conservation law Q that can be mapped to noninteracting fermions by (A12) and that is translation invariant by s sites has a symbol Q (s) (k) that commutes withH (s) (k). The conservation law is local if Q (s) (k) has a finite number of nonzero Fourier coefficients. Remarkably, if the spectrum ofH (s) (k) is degenerate, one can generally find more than 2s linearly independent symbols Q (s) (k) commuting withH (s) (k). Any time that this happens independently of k the Hamiltonian has an infinite non-abelian set of local conservation laws, infinitely larger than the set that arises whenH (s) (k) is non-degenerate. We refer the reader to Ref. [22] for a more extensive discussion.
To make the notation simpler, since we are going to consider the time evolution of two-site shift invariant states, in the rest of the paper the superscript identifying the representation (s) will be omitted in the two-site representation (s = 2) of the symbols:
B. Stationary properties after a global quench
The additional conservation laws can play a crucial role in non-equilibrium time evolution. The initial state somehow selects the maximal abelian subset of {Q j } that will be relevant 22 . The mechanism is essentially the following. Noncommuting conservation laws generate degeneracy in the spectrum. There are "privileged" bases in which the Hamiltonian is diagonal and in each degenerate energy level a single state has a nonzero overlap with the initial state: the dynamics are essentially the same as in the non-degenerate case, provided that the Hilbert space is properly reduced. From this point of view, we can identify the relevant conservation laws as those that are diagonal in a "privileged" basis.
Using the standard arguments behind the emergence of stationary behavior 6, 11 , it is reasonable to expect that at late times local degrees of freedom will relax to stationary values that can be described by a GGE
Hereλ j are Lagrange multipliers fixed by the integrals of motion andQ j are relevant charges, which belong to an abelian subset of {Q j }.
The real rectangular infinite matrix A depends on the initial state, which indeed has a twofold effect, determining both the Lagrange multipliersλ j and the chargesQ j . Alternatively, one could express the ensemble in terms of the whole set of linearly independent local conservation laws
In this way one removes the subtle dependence of the operators on the initial state with the drawback of having a representation in terms of noncommuting operators. So far, non-abelian integrability has simply resulted in a (complicated) reduction of the Hilbert space. There are however nontrivial effects due to the noncommutativity of local charges. We focus on the interesting situation in which a small perturbation breaks the hidden symmetries behind the additional conservation laws. Roughly speaking, two phenomena compete with each other: the perturbation tends to approximately preserve a subset of the conservation laws, which is however different from the abelian set selected (in the sense of (15)) by the initial state in the absence of perturbations. This gives rise to non-trivial time evolution that is disclosed in long timescales.
This phenomenon can be partially understood in the framework of stationary perturbation theory in quantum mechanics 76 as follows. Let us choose a "privilaged basis" of eigenstates |Ψ (0) n,i of the unperturbed Hamiltonian, where n identifies the energy level and i the possible degenerate states. The perturbation introduces O(∆) corrections to energies and eigenfunctions. In nondegenerate energy levels, up to phases, the eigenfunctions remain "close" to their original values also at times t ∼ O(∆ −1 ). For degenerate states the situation is instead different: the perturbation splits each degenerate energy level (like in the Stark/Zeeman effect) in such a way that the energies are approximately equal to the unperturbed ones (E n,i ∼ E (0) n + ∆W n,i ) but the eigenfunctions mix within the subspace. At times
n,i and the corresponding time evolving state:
Here we indicated with |Ψ n,i ∼ j R (n) ij |Ψ
n,j + O(∆) the eigenfunctions that diagonalize the full Hamiltonian.
This analogy fails however in explaining the importance of locality and infiniteness of non-commuting charges in the case of a quantum many-body system.
III. A PRE-RELAXATION LIMIT
If the quantum XY model is perturbed so as to break non-abelian integrability, e.g. with a term proportional to S z , the expectation values of local observables experience a crossover 22 in a time window that scales as ∆ −1 . In generic models, the appearance of plateaux long before the typical relaxation times is commonly referred to as prethermalization 17, 34, 35, 68, [77] [78] [79] [80] [81] [82] [83] . In Refs [22] [69] the crossover at intermediate times was instead called pre-relaxation limit, in order to emphasize that it is not driven by the breaking of integrability, but rather by the breaking of the hidden symmetries behind non-abelian integrability; as a result, plateaux at intermediate times can be observed also in integrable models.
For noninteracting perturbations one can rigorously show 22 that, in the limit ∆ 1 with ∆t ∼ O(∆ 0 ), local degrees of freedom are described by a time-dependent GGE of the form (16) , with time-dependent Lagrange multipliers λ (∆t):
In Ref. [69] this picture was generalized to interacting perturbations and, under a few assumptions, the same result has been obtained. The crucial difference from the noninteracting case is related to the effective description of the dynamics, which is now generated by a timedependent (noninteracting) Hamiltonian.
A. Mean-field solution
The effective theory proposed in Ref. [69] is like a mean-field approximation that takes into account the presence of conservation laws breaking one-site shift invariance. However, it is not a real approximation, being instead an emergent description valid in the prerelaxation limit.
Specifically, it was shown that in the limit of small ∆ and finite ∆t, the time evolution under (A1) of local observables, starting from a two-site shift invariant state with cluster decomposition properties, can be written as follows
where the range of the operator must be small in comparison with t and 1/∆. In ( 
We introduced the notation T = ∆t to help one identify the slowly evolving quantities. The mean-field Hamiltonian can be formally written as follows
where the sum is over linearly independent local conservation laws of the unperturbed Hamiltonian andV is the time-averaged perturbation in the interacting picturē
The compact notation of (21) means that we take only the part of the time averageV that depends on the local conservation laws and then work out the various terms in a mean-field fashion. There are indeed also purely nonlocal terms inV , which however are not expected to contribute at these time scales 69 . The remaining terms are polynomials of the local charges, so (21) simply means that, in each product of charges, all but one charge, in turn, contribute as simple c-numbers.
We would like to place some emphasis upon the efficacy of the mean-field mapping: quench dynamics in an interacting model are reduced to noninteracting (though complicated) dynamics!
B. Generalities
We collect here some useful observations.
Ensemble representation:
Since everything is written in terms of the local conservation laws of H 0 , the mean-field description is consistent with (18) . Indeed the time evolution of a local charge (of the unperturbed model) under (21) commutes with the unperturbed Hamiltonian (cf. (8)) and hence the mean-field dynamics are reduced to time evolving Lagrange multipliers (18) .
Paradox of relaxation in closed systems:
In the limit 1 t the entanglement entropy per unit length of a subsystem is generally equivalent to the (thermodynamic) entropy density of the GGE describing the late time dynamics 85 . Since mean-field time evolution is unitary, one could expect the entropy of the (quasi-)stationary state to be conserved. In fact, this is the same paradox arising in the non-equilibrium time evolution of pure states: despite the system being closed, at long times reduced density matrices can be described by more entangled mixed states (e.g. Gibbs ensembles in generic models). Rather counterintuitively, this means that if any local observable relaxes in the pre-relaxation limit, the mixed state that describes the stationary properties has the same form as (18) , but with a different partition function Z.
One-site shift invariance:
It is important to note that the pre-relaxation limit for (A1) can be nontrivial only if the initial state breaks one-site shift invariance (1-ssi). This can be seen as follows. The unperturbed GGE corresponding to a 1-ssi initial state is 1-ssi, being also the Hamiltonian (A1) 1-ssi. Analogously, the time averaged perturbation is 1-ssi. On the other hand, the conservation laws that break 1-ssi are odd under translation by one site 69 Q i → −Q i . From this it follows that a generic term of the polynomial part ofV is generally written as Q 1 Q 2 · · · Q n , where Q i and j =i Q j take the same sign under a shift by one site. By symmetry, the expectation value of any odd operator is zero, therefore in (21) only the terms proportional to 1-ssi charges give a non zero contribution: the mean-field Hamiltonian is one-site shift invariant. We now remind the reader that the 1-ssi charges of the quantum XY model commute with one another 22 .
. In other words, the expectation values do not move from the values corresponding to the first plateau.
On the number of non-commuting charges:
One could wonder whether a finite dimensional non-abelian subalgebra of local conservation laws could be sufficient to trigger a crossover in the prerelaxation limit of the entanglement entropy. In that case mean-field time evolution would result in oscillations in a finite number of Lagrange multipliers of the time-dependent GGE (16) (the ones corresponding to the non-abelian subset of charges). This is like a quantum problem with a finite number of degrees of freedom, so time evolution is expected to be quasi-periodic, with recurrence times dependent on the subalgebra dimension and not significantly affected by the subsystem length. The oscillations should not modify the extensive part of the entanglement entropies, which are in turn expected not to move from the first plateau (see also IV B). As a result, any nontrivial crossover in the entanglement entropies can be seen as an effect of the unperturbed model having an infinite number of non-commuting local charges.
Problem setting :
For Hamiltonians of the form (A1), in which the interaction terms consist of four fermion operators, the (mean-field) dynamics of local observables are reduced to the solution of an infinite system of quadratic first order differential equations, with an extra linear term originated by the noninteracting perturbation S z . The system of differential equations can be derived as follows. First of all one has to compute the time average of the perturbation. Then, the purely nonlocal contributions are removed and the mean-field differential equations for the time evolution of the local integrals of motion of the unperturbed model are set up. This determines the mean-field Hamiltonian in a self-consistent way. Being ρ MF (T ) gaussian, the expectation value of any local observable can be obtained from the two-point fermionic correlation function (Γ ij = δ ij − a i a j ) using the Wick's theorem. Indeed one can show that Γ is written in terms of the integrals of motion (of the unperturbed model); therefore, it can be extracted from the solution of the system of differential equations above. We point out that, in order to deal with the infinite system, the introduction of a cut-off is unavoidable; this can be done for example confining the system in a fictitious finite box. If the cut-off has been chosen in a sensible way the expectation values of local observables will be stable under its variation.
We refer the reader to Ref. [69] for the explicit derivation of the differential equations and for a preliminary analysis of their solutions. In this paper we will only exhibit the equations in a specific example (Section VI).
Assumptions and checks:
For interacting perturbations, (19) was derived under two assumptions: the first is similar to the hypothesis behind perturbation theory in quantum mechanics, in particular the non-diagonal elements of the perturbation must approach zero as the corresponding unperturbed energy differences vanish. The second is that the purely nonlocal part of the time averaged perturbation is not relevant for the time evolution of local observables in the prerelaxation limit (Ref. [69] established that this approximation is self-consistent).
We will give grounds for (19) by checking the meanfield predictions against iTEBD simulations. This will be the most delicate point of this work, being difficult to reliably simulate long times.
IV. PHYSICAL INTERPRETATION
Let us indicate with r H the typical range (generally independent of time) of H MF (∆t) (21). Ref. [69] pointed out that, in the pre-relaxation limit, the system can experience either local relaxation or persistent oscillatory behavior.
A. Local relaxation
In the hypothesis of local relaxation, at late (rescaled) times ∆t, H MF becomes independent of time. Concomitantly, the expectation values of operators with larger ranges start relaxing to stationary values over a timescale ∆t that is expected to be proportional to their range . As a matter of fact, this is analogue of what happens in the space-time scaling limit 1 ∼ t considered in Ref. [1] . There, the qualitative behavior of the entropy has been understood through a semiclassical reasoning that we briefly repeat here.
Being the energy extensively higher than the ground state one, the initial state acts like a source of pairs of quasiparticle excitations traveling in opposite directions. By translation invariance they are originated everywhere. Because the initial state is low entangled, one can assume quasiparticles originated from different points to be incoherent. There is also another assumption, namely distinct pairs of quasiparticles originated from the same point are not entangled. In noninteracting quenches with one-site shift invariance one can convince oneself of this property by simply writing the initial state in a basis that diagonalizes the Hamiltonian. More generally, the (6) of the entanglement entropy between an interval A and the rest of the system B. The non-abelian integrability of the unperturbed model is manifested by the fact that at the initial time two pairs of quasiparticles (black and red arrows), correlated with one another, with almost identical velocity and traveling in both directions are emitted from each point (which represents two sites). The light orange region (biggest background triangle) shows the subsystems (symmetric about the centre) that can be approximately described by the stationary state emerging in the absence of perturbations (for which the velocities of the black and red quasiparticles would have been exactly equal). In that regime only the correlations between the pairs of particles traveling in opposite directions are important (see e.g. the subsystem, horizontal thick line, at earlier times). However, at larger times the contributions from the cases (highlighted by red circles at the top of the diagram) in which a single particle (of the four) crosses the subsystem are no more negligible. Such contributions increase linearly in time up to the time at which no pair of quasiparticles originated at the same point can cross the subsystem together. After that a new equilibrium is reached and the subsystems can be approximately described by a stationary state that in some cases is the GGE of the full Hamiltonian (the green region, namely the smallest background triangle). The pre-relaxation limit describes the crossover between the light orange region and the green one.
incoherence of pairs does not seem to be heuristically justifiable, but it is in fact appropriate to a large class of quenches. Thus, taking that assumption for granted, the qualitative behavior of the entanglement entropy can be understood in terms of the motion of the quasiparticle excitations. Since the entropy measures the entanglement between a subsystem and the rest, it should be proportional to the number of entangled quasiparticles that, at a given time t, are both inside and outside the subsystem. This simplified picture explains the linear growth followed by saturation observed in the space-time scaling limit 1 ∼ t, at least in the integrable case.
We borrow this physical interpretation and propose some modifications that allow us to understand the behavior claimed in (6) . Since now translation invariance is realized by a two-site shift, each point of the effective description corresponds to two sites and, in turn, the number of quasi-particles originated from the same point is doubled. Non-abelian integrability (of the unperturbed model) is manifested by the presence of entanglement between pairs of pairs of quasiparticles. This is a consequence of the freedom in the choice of the basis diagonalizing the Hamiltonian and identifying different abelian subsets of charges. The change of basis is indeed equivalent to mixing pairs of quasiparticles.
As depicted in Fig. 1 and explained in its caption, this results in linear behavior followed by saturation also in the pre-relaxation limit. There are however some differences with respect to the space-time scaling limit:
1. Being ∆ 1, at times t ∼ ∆ −1 the initial state can be replaced by the stationary state that locally emerges when time evolution is generated by the unperturbed Hamiltonian H 0 , i.e. ρ MF (0) in (A9) (in Fig. 1 , quasiparticles that contribute to the crossover in the entropy pass through the light orange region).
2. After the substitution of Point 1, the relevant evolution occurs in a rescaled time ∆t (in Fig. 1 , the angle between the black and red arrows is O(∆)).
3. The extent of the linear regime is not related to the maximal velocity at which information propagates but a new velocity emerges (in Fig. 1 , the angle between red and black arrows per unit of ∆ is not in relation to the direction of the arrows).
B. Oscillations
While for noninteracting perturbations like S z relaxation is the norm, it is very common to find persistent oscillatory behavior when the perturbations consist of interacting terms. If we insist on the interpretation sketched in Figure 1 , we realize that oscillations should not affect the behavior of the extensive part of the entropy. Indeed we can imagine to deform the quasiparticle trajectories including some oscillatory behavior. The amplitude of the oscillations would depend on the quench parameters but not on the subsystem length. As a consequence, the effects of oscillations would be concentrated on the boundaries of the subsystem, modifying just the leading correction O( 0 ) to the entanglement entropies. This conjecture will be corroborated by a numerical analysis of the mean-field solution of the problem reported in Section VII. This is the last section of the first part of the paper, designed to give the reader the opportunity to gain a physical intuition about the problem under investigation. In the following sections the specific non-equilibrium time evolution under (A1) will be considered and the meanfield solutions worked out in order to derive an analytic expression for the time evolution of the entanglement entropies.
V. THE INITIAL STATE
Mean-field dynamics are trivial if the initial state is invariant under translations by one site (cf. One-site shift invariance in III B), so we must consider states that break such symmetry. We note however that the prequench Hamiltonian can be still one-site shift invariant: the symmetry turns out to be spontaneously broken in antiferromagnetic or dimerized phases. For the sake of simplicity, we choose initial states with factorized form
where σ z |↑ = |↑ and σ z |↓ = − |↓ . It is not difficult to show that, for any value of β and φ, |Ψ 0 is a Slater determinant for the Jordan-Wigner fermions (A12). Despite this property being unnecessary for (19)(A9), it will be convenient when, in Section VI B 2, we will introduce an intermediate mean-field description.
There are two relevant states in the class (A4):
• β = 0 ∨ π: Néel state (the ground state of H ∞ ); 
of (A4) is a 4-by-4 block circulant matrix. As any blockcirculant matrix, it is completely characterized by its symbol, i.e. the Fourier transform of a block-row (cf. (12)). This is given by
In the pre-relaxation limit the part of the dynamics with a typical relaxation time much smaller than 1/∆ has already reached (quasi-)stationarity. As a result, the correlation matrix can be replaced by the one corresponding to the stationary state for ∆ = 0. This can be done by projecting (25) onto the symbols of the local conservation laws of the quantum XY model H 0 (A2), which results in
Here Q j (k) identify the eight families of local conservation laws of H 0 :
where tan θ k = γ tan k 2 and ε k = (cos
is the dispersion relation of the two species of quasiparticles that diagonalize the unperturbed model in the representation in which the local space consists of two sites 88 . The symbols of a generic local charge can indeed be written as cos(nk)Q j (k), with integer n. We point out that for j ≤ 4 the associated conservation laws are one-site shift invariant (they correspond to the two families of local charges identified in Ref. [89] ).
Replacing Γ(k, 0) by Γ MF (k, 0) reflects the third equation of (A9).
The mean-field description then establishes that the noninteracting structure is preserved at O(∆ 0 ) up to times t ∼ O(∆ −1 ) and the symbol of the correlation matrix remains a linear combination of the symbols of H 0 's local charges.
VI. QUENCHES FROM THE NÉEL STATE
Let us now consider in detail the case β = 0 ∨ π and U = 0, namely the non-equilibrium time evolution of the Néel state under the Hamiltonian of the XYZ model with an integrability breaking perturbation proportional to S z .
The mean-field equations of motion have been worked out in Ref. [69] following the problem setting described in III B. We do not repeat here the (manageable but tedious) calculations and simply report the results.
For states that are reflection symmetric about a site, it turns out that the symbol of the correlation matrix of ρ MF (T ) (A9) can be written as follows
where Q j (k) were defined in (B6). The functions y j (k, T ) are solutions of the
A n j (k) dp 2π
where ijk is the (3d) totally antisymmetric Levi-Civita symbol with 278 = 1. The only nonzero elements of tensor A are given by
while g j read as
The initial conditions are as follows (cf. (26) and (28))
where + and − correspond to β = 0 and β = π, respectively, in (25) .
The magnetic field appears as a multiplicative factor of the linear term in (29) . This is because h is the coupling constant of S z , which is a quadratic operator in the J-W fermions (A12). Because only y 8 (k, 0) is different from zero, the pre-relaxation limit is nontrivial only if h = 0 (at the initial time the quadratic part of (29) is zero).
We identify two non-interacting limits: ∆ = 0 and ∆ → 0 at fixed ∆h. The former is trivial (without perturbation the expectation values can not move from the first plateau), while the latter corresponds to neglecting the quadratic part in (29) . In the second case, (29) can be exactly solved and the solution is such that the Fourier coefficients of y j (k, t) relax to stationary values. This is the simplest nontrivial case of local relaxation in the pre-relaxation limit and was considered in Ref. [22] (see also the supplemental material [70] ). Any displacement from the two noninteracting limits above is an effect of the interaction.
It is important to note that this formalism can not be applied to the shift symmetrised state
because the mean-field description strongly relies on cluster decomposition properties. This is indeed a very clear example in which ignoring the importance of cluster decomposition has dramatic consequences: the (wrong! ) initial conditions for the shift symmetrised state (i.e. the arithmetic mean of the initial conditions for β = 0 and β = π) are identically zero, and hence time evolution would seem to be trivial in the pre-relaxation limit. Instead, considering the equations for β = 0, π separately, we will show that the shift symmetrizations of local operators like s z display nontrivial dynamics (cf. Fig. 2) .
A. Scaling of the entanglement entropies
We now focus on cases of local relaxation in the limit t ∼ O(∆ −1 ). Using the results of Ref. [69] we obtain the symbol of the mean-field Hamiltonian 
One can verify that H MF (k, T ) generates the time evolution (29) :
. By computing the characteristic length of the Fourier transform of (33) we infer 90 that the typical range of H MF is r H ∼ 2/ log | |γ|+1 |γ|−1 |. Being essentially a noninteracting problem, one could wonder whether analytic expressions can be obtained for the time evolution of the entanglement entropies. There are two main complications: first, the solution of (29) is not analytically known and, second, computing the nonequilibrium time evolution of the entanglement entropies is not a simple task even in models that can be mapped to noninteracting fermions. The first goal is to decouple the two problems, which have different nature.
On the explicit time dependence of H

MF
The major obstacle to attacking the problem analytically is that the mean-field Hamiltonian depends explicitly on the time. In addition, the time dependence is not known a priori, being related to the solution of an infinite system of nonlinear differential equations. At first glance, this problem might appear insurmountable; in fact, it can be overcome as follows.
We define the unitary operator
In other words, V T (T ) generates mean-field time evolution from T to T +T followed by a reverse evolution under H MF from T +T to T . Let us assume that the mean-field Hamiltonian relaxes sufficiently fast for the existence of the following limits
We can then recast the problem into the non-equilibrium evolution underH MF of the extrapolated density matrix
Indeed, using the existence of the limits in (37), we find
and hencẽ
Let us analyze how V T acts on operators. It is convenient to reinterpret V T as a time evolution operator as follows:
Here H T (τ ) is a quasi-local effective Hamiltonian (with range increasing with τ ) that approaches zero in the limit of infinite τ :
We denote by v(τ ) the (Lieb-Robinson) maximal velocity associated with H T (τ ) (v(τ ) is independent of T ). At fixed time τ , in an arbitrarily small time interval dτ , the spreading of local operators under a quasi-local Hamiltonian is proportional to the time interval and to the maximal velocity at which information propagates (cf. Ref. [91] ). This means that V T (T ) is expected to map local operators into quasi-local operators with a typical diffusion length ξ(T,T ) ∼ T T dτ v(τ ). We are going to assume that the limit ξ(T ) = limT →∞ ξ(T,T ) exists and is finite. This semiclassical estimate of ξ(T ) is a nonincreasing function of T , so we find the upper bound ξ(T ) ξ(0).
Let us now consider subsystems with length ξ(0). From (40) and our estimate of the diffusion length ξ(0) it follows that the RDMs ofρ(T ) are unitarily equivalent to the corresponding RDMs of ρ MF (T ), up to boundary terms that extend over the typical length ξ(0). This is independent both of the subsystem length and of T . On the other hand, the extensive part of the entanglement entropy is not affected by transformations that are unitary in the bulk, therefore, in the limit of large subsystem length, the entanglement entropies per unit length of ρ MF (T ) must be equal to the ones ofρ(T ). In conclusion, we mapped the problem into a sudden quench fromρ(0).
We can sketch the steps of our reasoning as follows:
where we used the notation (Λ; Φ) to indicate the dynamics generated by Hamiltonian Λ starting from state Φ. The first step is the mapping to a mean-field problem, which is justified by locality in the pre-relaxation limit. The second step is the reduction of the complicated mean-field dynamics to a sudden quench, which can be instead justified only for the calculation of the extensive part of the entropies. After simple but tedious algebra we obtain the (extrapolated) correlation matrixΓ(k, 0) ofρ(0)
with
and
(46) We called m z and m z,s the infinite time limits of m z (t) and m z,s (t) respectively; E k is the dispersion relation of the two species of quasiparticles diagonalizingH
We note that the dispersion relation (47) becomes flat, and hence no more compatible with relaxation, when the magnetic field opposes the average magnetization restricted to even or odd sites h = ±2m z,s − 2m z .
Analytic expression for the entropy
In noninteracting models the von Neumann entropy S = −Trρ log ρ of adjacent sites can be expressed in terms of the correlation matrixΓ , restricted to the corresponding subspace, as follows:
The asymptotic behaviors of determinants and traces of (block-)Toeplitz matrices likeΓ have been extensively studied. We report here a strong limit theorem for the trace of a function f of an N × N block Toeplitz matrix T with smooth n × n symbol t(k) in the hypothesis that f is analytic in an interval covering the spectrum of T 92 :
This asymptotic expression can be used to compute the extensive part of the entanglement entropies when the symbol of the correlation matrix has no parameter comparable with . For 4-by-4 blocks we obtain
We notice that this expression is invariant under unitary transformations on the symbol. Since the limit in (44) is assumed to exist,Γ(k, 0) is unitarily equivalent to Γ MF (k, 0), so the effective sudden quench description gives in fact the same entropy (per unit length) of the GGE of the unperturbed model
On the other hand, the scaling limit in which the rescaled time T = ∆t is comparable with can not be worked out using (50) : the symbol depends on a parameter comparable with the matrix size. This is the point where the mapping described in the previous section reveals its importance: having mapped the problem into a sudden quench, we are in a position to apply the method proposed in Ref. [43] and slightly generalized in Ref. [9] . In particular, Refs [43] [9] considered (2 ) × (2 ) block Toeplitz matrices T with sufficiently regular 2-by-2 symbols t (1) (k, t) of the form
and worked out the limit 1 ∼ t for the trace of powers of T, obtaining the following result
where
In our context translation invariance is realized by a two-site shift and, in turn, the correlation matrix has (at least) a 4-by-4 symbol. In fact this is not an issue because, even in this case, the symbol follows an SU (2) dynamics (because of reflection symmetry), which is the main property used in the derivation of (54) . The trick is essentially to replace the Pauli matrices that appear in the 2-by-2 symbol (53) of the original proof (we refer the interested reader to Section 3.1 of Ref. [9] ) by the appropriate combinations of the Q 2,7,8 , whose square is indeed proportional to the identity, like for the Pauli matrices. The only subtlety to take care of is that now the local space has dimension 4 and the length appearing in the expression is half of the subsystem length, being each point associated with two sites.
For r H ∼ ∆t ∼ O(∆ 0 ) we then find that the von Neumann entropy asymptotically behaves as follows
The Rényi entropies S (α) = log Trρ
have the same functional form of (55), provided that the function H (x) is replaced with
The factor of 4 in the second line of (55) is in place of the factor of 2 in (54) as a result of a point being associated with two sites. One immediate consequence is that the actual maximal velocity at which information propagates (in the pre-relaxation limit) is double of the velocity associated with (47), i.e.ṽ M = 2 max k |E k |. The time at which linearity is lost is therefore given by
The functions Σ 0 (k) and Σ ∞ (k) are the eigenvalues of the symbol of the (extrapolated) correlation matrix at the initial and infinite (rescaled) times, respectively (notice that the 4-by-4 symbol of the correlation matrix has two doubly degenerate eigenvalues that differ only for the sign). In particular we have
where λ j (k) are given in (46) and the last equality reflects the equivalence with the unperturbed GGE (52).
Despite Eq. (55) depending on dynamical parameters that are not known a priori, it is in fact an impressive result: the unknown variables do not affect the functional form of the entropy, which follows a linear behavior until t M and then saturates to a stationary value. This is exactly the type of universality that we were seeking in the late time evolution of the entanglement entropies.
The physical interpretation depicted in Fig. 1 is perfectly consistent with (55): Σ 0 can be interpreted as the "cross section" for the production of a pair of composite quasiparticles, consisting of two particles with almost the same velocity (the red and black arrows of Fig. 1 , treated as a single entity); Σ ∞ is instead related to the cross section associated with the constituents, which in the pre-relaxation limit are in fact distinguishable.
Importantly, the necessity of replacing ρ MF (0) byρ(0) (38) can be interpreted as the effect of the scattering matrix not being trivial in the presence of interactions: we still describe time evolution in terms of free quasiparticles, but the interaction causes a dynamical modification of the effective cross sections entering into the problem.
Finally, we propose a minimal refinement of (55) that combines the two scaling limits 1 ∼ t (computed in Ref. [43] ) and 1 ∼ ∆t:
This is the quantitative analogue of (6).
A case study
In order to use (55), we need another ingredient, namely the symbol of the (extrapolated) correlation matrix that emerges at infinite (rescaled) time. We will consider an example in which one-site shift invariance is restored, i.e. the staggered magnetization approaches zero m z,s = 0 and the magnetization relaxes to a stationary value. By inspecting (44)(45)(46) we find cos Ω k = 0, sin Ω k = sgn(h + 2m z ), y 2 (k, t) becoming stationary and y 7,8 (k, t) keeping oscillating with frequency 2E k .
First of all we evaluate the large time asymptotics of the maximal velocity v(τ ) of H 0 (τ ) (42) , so as to check whether the sudden quench description from the extrapolated density matrix (38) can be used. The dispersion relation E(k, τ ) of H 0 (τ ) is readily computed and reads as
If m z,s (τ ) and m z (τ ) − m z approach zero with different power laws, at long times we obtain
Thus, the typical diffusion length of V T , namely
, is finite if the mean-field parameters relax faster than 1/τ . This will be the self-consistency condition to be checked a posteriori.
Using that one-site shift invariance is restored, the symbol of the long time limit of the (extrapolated) correlation matrix is given by the one-site shift invariant part ofΓ(k, 0) (44):
From this we identify
Remark Since the mean-field Hamiltonian depends explicitly on the time, there are no simple shortcuts to compute the long time limit of dynamical quantities like (63) . In particular Σ ∞ (k) can not be obtained from the correlation matrix of the GGE of the unperturbed model only knowing the mean-field Hamiltonian at late times. If we had approximated the dynamics by a sudden quench starting from the GGE of the unperturbed Hamiltonian (i.e. Γ MF (k, 0) instead ofΓ(k, 0)), we would have found the late time correlation matrix vanishing, namely Σ ∞ (k) = 0 and hence saturation of the entropies to the maximal values allowed 93 . Such totally incoherent state ρ ∝ I is equivalent to the GGE constructed with the onesite shift invariant conservation laws of the unperturbed model which in this case is also clearly equivalent to the GE. This is another example of the puzzling situation, pointed out in Ref. [69] , where one-site shift invariance is restored in the pre-relaxation limit but the emerging stationary state is not constrained only by a deformation of the one-site shift invariant conservation laws of the unperturbed model. This could suggest that some extra degeneracy in the spectrum survives the leading order of perturbation theory. However, apparently this degeneracy can not be associated with the non-abelian set of local conservation laws of the XY model, forming its onesite shift invariant charges an abelian subset. Ref. [69] proposed that this could signal issues in the limit ∆ → 0 of quasi-local (quasi-)conserved operators, but, in fact, this is still an open question.
B. Numerical analysis within mean-field
Prediction vs numerical solution.
Formula (55) is written in terms of quantities computed at late times after the quench, which must be extracted from the numerical solution of the equations.
In Fig 2 we show the time evolution of the magnetization, its time derivative and the staggered magnetization in the pre-relaxation limit for a particular quench with γ = 0.75, h = 0.75 and U = 0. The numerical data leave no doubt the parameters of the mean-field Hamiltonian time relax and one-site shift invariance is finally restored. In particular, our best estimate of the late time magnetization is m z ≈ −0.0672556. We notice that both mean-field parameters relax faster than 1/∆t, corroborating the validity of the mapping (43) to a sudden quench from the extrapolated density matrix (38) . The asymptotic value of m z determines the time t M (57) at which the entire subsystem becomes (substantially) entangled with the rest, but the full time evolution of the entanglement entropies requires also the knowledge of Σ ∞ (k). (46) when one-site shift invariance is restored, the limit of infinite time for y2(k, ∆t) seems to exist. as a function of the momentum k for various times 94 . The limit lim T →∞ΣT (k) = Σ ∞ (k) is reached rather quickly, at least for momenta not too close to ±π.
Having checked that the parameters γ = 0.75 and h = 0.75 are compatible with relaxation and restoration of one-site shift invariance, we can now compare the mean field solution with the asymptotic formula (55). In Fig. 4 the time evolution of the entanglement entropy per unit length as a function of the rescaled time ∆t is plotted for various subsystem lengths. At any given rescaled time, the extrapolation is done by finding the best parabolic fit in 1/ , weighted by 6 (the inverse of the square of the leading correction neglected).
The excellent agreement between the left panel of Fig. 4 and (55) confirms the conjecture that V T , (40), is only responsible for a quasi-local mixing that does not affect the extensive part of the entanglement entropy. We also notice that the value of the entropy per unit length associated with the second plateau is visibly smaller than log 2, which would have been obtained neglecting the mean-field dynamics at intermediate rescaled times (i.e. approximating V T , (37) , by the identity). Figure 4 exhibits the scaling behavior claimed in (6).
Intermediate mean-field
The results of the previous sections, culminating in (55) and Fig. 4 , rely on the mean-field description, which is supposed to emerge in the limit ∆ 1 at times t ∼ ∆ −1 . In the pre-relaxation limit it was legitimate to replace the initial state by the GGE of the unperturbed model, however in actual numerical simulations this introduces relevant corrections that can spoil the agreement with the asymptotic values. Here we discuss the extent of such corrections by considering an intermediate mean-field approximation, where the initial state is not replaced by ρ MF (0), as instead done in (A9). We consider the following system: Differently from (A9), we have not written the equations in terms of the rescaled time T = ∆t. This choice reflects the fact that the mean-field time evolution of |Ψ 0 includes contributions that vary in a timescale ∼ ∆ 0 . The immediate advantage is that such description is practically undistinguishable from exact time evolution at times t ∆ −1 , when the Hamiltonian can be approximated by H 0 . Then, in the pre-relaxation limit, it becomes equivalent to (A9) 69 . We do not expect any improvement in the corrections o(∆ 0 ) at times t ∼ ∆ −1 , which are in fact beyond mean-field, but the intermediate mean-field is useful to recognize the effects of the preliminary relaxation to the first plateau. Incidentally, we point out that we worked out system (A9) instead of (C1) because in the latter the number of differential equations is doubled and half of the information is useless in the pre-relaxation limit, making the solution of (C1) less indicated for analytic investigations. In addition, we are able to compute the time evolution (C1) only if the initial state is a Slater determinant, whereas in principle (A9) can be used also quenching from an interacting model.
The left panel of Fig. 5 shows the time evolution of the entanglement entropy per unit length under (C1) for various values of ∆ and fixed subsystem length = 32. The scaling behavior of (6), including the preliminary linear growth in the space-time scaling limit 1 ≤ t/(2v M ), is completely revealed. In addition, the data are in good agreement with the prediction (59) . It is however important to note that the actual corrections to the mean-field solution could spoil the physical meaning of the plot. The larger ∆ is and the shorter the time window that can be described by mean-field: it is unreasonable to expect agreement with exact dynamics when ∆t ∼ ∆ −1 ! For the subsystem length considered in the right panel of Fig. 5 ( = 4 ) these potential problems should be less severe. Nevertheless, oscillations apart, the behavior is essentially the same as in the left panel.
C. Mean field vs iTEBD simulations
This section is devoted to comparing the mean-field predictions with the exact quench dynamics induced by Hamiltonian (A1) and obtained via iTEBD numerical simulations for quenches starting from the Néel state (some details of the numerical simulations are reported in the supplemental material [70] ). We consider two different quenches, with parameters:
In both cases we expect relaxation in the pre-relaxation limit but in (b) one-site shift invariance is not restored. In the iTEBD simulations the (small) parameter ∆ has been chosen in the interval [0.0125, 0.2]. The computational complexity does not change much with the interaction strength, making it extremely difficult to reach large rescaled times ∆t for the smallest values of ∆. This is the reason why we have also examined quenches with values of the interaction that can not be considered strictly small, e.g. ∆ = 0.1 or 0.2. Nonetheless, we would emphasize from the very beginning that, even for these values of ∆, we expect an overall trend that should at least qualitatively agree with mean field. In other words, even if the crossover is mathematically defined only in the prerelaxation limit, the effects should remain visible also for finite values of ∆. Fig 6 shows the time evolution of the magnetization m z . The iTEBD numerical data (symbols in the plots) exhibit deviations from mean-field that are reduced as ∆ gets closer and closer to zero. This is exactly what we expect: a finite value of the interaction strength necessarily introduces some corrections to mean-field dynamics. The magnetization moves away from the GGE 0 value m z = 0 and, up to subleading corrections, data for different ∆ and fixed ∆t collapse to a curve that is compatible with the mean-field prediction. This is a conclusive confirmation that the pre-relaxation limit is nontrivial and apparently described by mean-field. In addition, the magnetization seems to approach a nonzero value for arbitrarily small ∆. Since the energy density is − turn, in the limit ∆ → 0 the thermal expectation value approaches zero, one can infer just from numerics that the second plateau emerging in the pre-relaxation limit is different from the infinite time limit. It corresponds to the highly nontrivial pre-thermalization plateau that, as mentioned in the introduction, is generally developed after a pre-relaxation plateau when the unperturbed model is non-abelian integrable.
In Figs 7 and 8 we show the time evolution of the entanglement entropy for subsystems with = 1, 2, 4, and 6 lattice sites, respectively. In particular we compare the iTEBD data with both the mean-field prediction starting from the GGE 0 (thick red lines in the figures) and the intermediate mean-field (C1) (thin colored lines). Let us analyze more attentively the behavior of the entropies. Generally, S experiences an almost linear growth (apart from oscillations) up to a time t * /(2v M ), where the maximal velocity is given by v M = |γ − 1| + o(∆ 0 ); after that, the entropy approximately reaches the corresponding GGE 0 value. This transient represents the wellknown Calabrese-Cardy regime 1 of linearity after a global quench. Obviously, in the limit ∆ → 0 at fixed rescaled time ∆t, this is squeezed into an infinitesimal slice at zero rescaled time (cf. Fig. 5 ), so the entropy in the GGE 0 becomes the starting value of the entropy in the meanfield description. However, the iTEBD simulations are done at fixed ∆ and the larger the interaction and the subsystem size are and the more evident the transient is.
We observe a good agreement between numerical simulations and mean-field, within the limits of corrections that tend to zero as ∆ → 0. Nevertheless, some comments are in order: the interplay between and ∆ determines the size of the corrections to mean-field. We expect mean-field to be valid in a regime ∆t ∆ −α and ∆ −β , with α and β some unknown exponents. The results of Ref. [68] suggest that thermalization in generic models is expected in a timescale ∼ ∆ −2 , so we can set α = 1; concerning β, the emergent mean-field scaling regime ∆t ∼ points to a correspondence between and ∆t, so we assume β ∼ α = 1. These estimations allow us to understand why for S 6 the data show larger deviations from mean-field: for ∆ = 0.2 (or 0.1), one has ∆ ∼ 1, which could be outside the region of validity of mean-field. On the other hand, S 1 and S 2 show excellent agreement with the theoretical predictions.
In order to establish the validity of the mean-field dynamics we also carried out a meticulous analysis of the scaling properties of the normalized Frobenius distance
1/2 considered in Ref. [11] (see also the supplemental material [70] ) between the iTEBD reduced density matrices and those obtained via (C1).
In Fig 9 we show the time evolution of D(ρ , ρ MF ) for different values of and ∆. In the regime of validity of mean-field ∆ /(2|γ − 1|) ∆t ∆ −1 (the lower bound is for the mean-field (A9)), the distance D(ρ , ρ MF ) is reduced in magnitude as ∆ becomes smaller and smaller. Moreover, for fixed ∆, the distance increases as the subsystem length becomes larger.
If the assumptions behind (A9) are satisfied, for ∆ → 0 the distance between the two reduced density matrices should vanish. Showing the base-∆ logarithm of the distance for a sequence of ∆ at fixed ratio between the one and the next (∆ = 0.2 · 2 −n ) is the way that we chose to bring it out: a nonzero limiting distance would result in the logarithm to approach zero as ∼ 1/(n + 2.3), which can be fairly recognized by sight (instead, the logarithm remains nonzero if the distance scales as a power law in ∆). Our impression based on the analysis of the insets of Fig. 9 is that the data are more compatible with the distance approaching zero as a power law in ∆ instead of reaching a nonzero value that might have signaled some issues in the hypotheses behind (A9).
VII. PERSISTENT OSCILLATIONS
As briefly discussed in Section IV B, there are situations in which the solution of the mean-field equations We briefly comment on the mean-field solution of the dynamics. In case (c) the nontrivial part of the dynamics involves the families of charges with symbols (B6) proportional to Q 2 (k), Q 5 (k), and Q 6 (k). Instead, in case (d) the relevant symbols are Q 4 (k), Q 5 (k), and Q 8 (k). Together with the quenches from the Néel state (where the symbols involved were Q 2 (k), Q 7 (k) and Q 8 (k)), these are representative of all the quenches starting from states of the form (A4) in which the mean-field dynamics is reduced to three families of local conservation laws. We do not report the corresponding systems of differential equations, which however can be found in Ref. [69] .
A. Numerical analysis within mean-field Figure 10 shows the time evolution of the von Neumann entropy for the quenches (c) and (d). In both cases the oscillations enter as subleading corrections to the entropies per unit length, as it was conjectured in Section IV B. In the left panel the nontriviality of the scaling limit is manifest. In addition, the data are compatible with the asymptotic formula (6) . We notice however that the increase in the entropy is modest. This is not unexpected since the presence of persistent oscillations signals that the dephasing mechanisms behind the relaxation process are less effective. As a consequence, the entropy growth is restrained. This effect can be so important that the extensive part of the entropy could appear almost independent of time, as in the right panel of Figure 10 . In the limit of large subsystem length the entropy practi- cally does not move from the value associated with the unperturbed GGE. This time, even though very large subsystems are considered, it is difficult to identify the linear part of the time evolution. However, an extrapolation with confidence level 95% suggests that the scaling limit is likely to be different from the value corresponding to the unperturbed GGE.
Since we have not analytically computed the asymptotics of the entropy for quenches with persistent oscillations and our intuition is only based on the qualitative picture of Section IV, we can not rule out the emergence of other scaling behaviors when there are persistent oscillations and the initial state is sufficiently general. Specifically, the mapping of the mean-field time evolution into a sudden quench described in Section VI A 1 can not be used without modifications and, for example, we can not exclude that the limit ∆t → 0 in the asymptotic expression could be different from the value corresponding to the GGE of the unperturbed model. The right panel of Fig. 10 suggests indeed this might be happening. Nevertheless, all the cases that we considered are compatible with the scaling law (6).
B. Mean field vs iTEBD simulations
In this section we show the results of the iTEBD simulations for the quenches (c) and (d). In both cases we focus our attention on the entanglement entropies S for = 1, 2, 4, and 6 and on the distances between the reduced density matrices of the exact dynamics and the reduced density matrices obtained through the intermediate mean-field approach. Below we list the results of such comparison together with some considerations:
(c) The Majumdar-Ghosh Hamiltonian ground-state |Ψ 0 = |MG ≡ (|↑↓ − |↓↑ )/ √ 2 breaks translational invariance. Notwithstanding, the local magnetization σ z /2 is translational invariant at any time after the quench. This is a consequence of reflection symmetry about a bond. Therefore, we do not show the time evolution of the magnetization, as it gives no more information than the single-site entanglement entropy.
In Fig 11 we show the evolution of the von Neumann entropies. The agreement with the mean-field prediction is pretty good and improves as the system length and the interaction strength get smaller. The discrepancy is more evident at larger rescaled times and could signal the emergence of another regime for ∆t ∼ ∆ −1 . Essentially, the same considerations apply to the distance between reduced density matrices (see Fig 13) . This remains rather small (especially for = 2) even for the largest value of the interactions we considered (∆ = 0.2). Finally, also in this case the hypothesis of a power-law scaling for the distances seems to be confirmed by the plots of the logarithm of the distance in base ∆.
(d) The initial state |Ψ 0 = ( √ 3 |↑↓ − |↓↑ )/2 breaks both one-site shift invariance and reflection symmetry. We do not show the average magnetization m z , which for h = 0 is zero at any time. This is a consequence of the combined symmetry under reflection about a bond followed by spin flip. The evolution of the von Neumann entropy is depicted in Fig 12. It is evident that the corrections to the mean-field approximation are stronger than in the previous cases; nevertheless, they still reduce as ∆ gets closer to zero. Interestingly, due to the absence of a magnetic field, the approximation of neglecting the interacting terms for this specific quench is trivial, reducing to no evolution at all. Therefore, the nontrivial dynamics of the iTEBD entropies, which undoubtedly move away from their initial values, show unequivocally that the pre-relaxation limit does exist and is not trivial even for a genuine fourfermion perturbation.
The overall behavior and the scaling with respect to and ∆ is confirmed by the analysis of the distances between the reduced density matrices (see Fig 13) , which basically follow the same qualitative behavior of the difference between the iTEBD entropies and the mean-field ones.
VIII. CONCLUSIONS
In this work we have considered the evolution of the entanglement entropies after a quantum quench from initial states that break one-site shift invariance in a perturbed quantum XY model. Our main result is to have identified a long-time behavior that is almost independent of the quench details. We showed that, in the limit t ∼ ∆ −1 , where ∆ is the strength of the perturbation, the entropy, which already reached a plateau of prethermalization/pre-relaxation, grows linearly in ∆t until a characteristic time t M ∼ ∆ , after which it starts saturating to another quasi-stationary value. We proposed a semi-classical explanation, based on very general arguments, which manifests the universality of the phenomenon. The nontrivial behavior disclosed in the timescale ∆t ∼ O(∆ 0 ) is driven by the breaking of what we called "non-abelian integrability", namely the existence of an infinite set of local conservation laws that do not commute with one another. When the perturbation removes the accidental degeneracies responsible for the non-commuting local conservation laws, at the leading order in ∆ for t ∼ ∆ −1 local observables become sensible to the slow unitary time evolution that occurs in each (quasi-)degenerate subspace. As one would expect from general reasonings, the entanglement entropy reacts to the symmetry breaking by increasing its value.
We have studied in details a quench from the Néel state under the Hamiltonian of the XYZ spin-1 2 chain with an external magnetic field that breaks integrability. In particular, we obtained an analytic expression for the time evolution of the entanglement entropies per unit length in the scaling limit 1 ∼ ∆t. Considering other quenches, we showed that the pre-relaxation of the entropy is almost independent of the quench parameters and, even when local observables exhibit persistent oscillations, in the entanglement entropies per unit length the oscillations turn out to be subleading.
Our analytic findings are based on the method developed in Ref. [69] : the dynamics are reduced to mean-field time evolution and the entropy is computed using freefermion techniques.
We checked our results against iTEBD simulations. We had to face the technical problems behind the prerelaxation limit, which presupposes very long times. The present-day algorithms are reliable on timescales that, in the cases considered, do not depend much on the strength of the perturbation, so the smaller ∆ is and the shorter the maximal rescaled time ∆t that is reached. In order to make the comparison more transparent, we analyzed a distance between the reduced density matrices that time evolve with the exact Hamiltonian and those of the meanfield description. Notwithstanding the complications of the limit, we provided some numerical evidence that the mean-field time evolution is exact in the pre-relaxation limit, confirming that the technical assumptions made in Ref. [69] are reasonably satisfied for the time evolution under Hamiltonian (A1).
Our work raises a number of issues. First and foremost is the perceptible inadequacy of DMRG-like algorithms to study time evolution in the pre-relaxation limit or in other limits in which the time is supposed to be very large. Alternative methods based on a perturbative solution of the equations of motion have been recently employed to study similar problems 68 . Apparently these techniques allow one to reach larger times, although the errors are much less under control than in DMRG algorithms. It could be very interesting to investigate the prerelaxation limit with these methods, checking the consistency with mean-field.
Another relevant question is whether the timedependent GGE (18) that emerges in the pre-relaxation limit survives the next order of perturbation theory, like a (deformed) GGE description does at intermediate times in the presence of small integrability breaking perturbations 17 . Finally, our analysis suggests that different local conservation laws can respond to perturbations in different timescales. The pre-relaxation time t M seems to characterize the time at which some non-commuting conservation laws of the unperturbed model with range start feeling the effects of the perturbation. Other local charges are instead expected to remain quasi-conserved for much longer times. A systematic study of these effects could be useful to identify the correct set of conservation laws that contribute to the description of prerelaxation/prethermalization plateaux.
We conclude with a speculation. Our findings rely on the non-abelian integrability of the unperturbed model, which in our case is noninteracting. A natural question is if there are also interacting quantum many-body systems with infinitely many non-commuting (quasi-)local conservation laws. Although there is not yet firm evidence, models with a loop algebra symmetry, like the XXZ model with anisotropy root of unity 95 , are good candidates for possessing similar charges. This is clearly an imperative question to be addressed in the next future.
SUPPLEMENTAL MATERIAL need to be updated and the invariance of the evolved state under a shift by two unit cells (i.e. four chain sites) is preserved.
In our numerical simulations we fix dt = 0.05 (we verified that the data are not affected by the time discretization). The auxiliary dimension χ used to describe the reduced Hilbert space is dynamically updated in such a way that, at each local step, all the Schmidt vectors corresponding to singular values larger than λ min = 10 −16 are retained. For purely practical reasons, this condition is relaxed when χ reaches a maximal value χ max ∈ [400, 800] dependent on the particular quench. Because of the (unavoidable) upper bound χ max , the truncation procedure is the main source of errors of the algorithm. We stop the simulations so as to have a Schmidt error coming from the iterative truncation of the Hilbert space always smaller than 10 −2 . We point out that the bipartite entanglement entropy grows linearly for all explored times, as it should do after a global quantum quench.
Based on the normalization condition (A6), the evaluation of expectation values of local quantities with spacial range turns out to be very efficient and scales as χ 3 . However, for our purpose, we need to reconstruct the full reduced density matrix ρ for a subsystem with adjacent sites, which is actually computationally more demanding. In particular, for even one has 
where the last two matrices appearing in the strings can be odd or even depending on the parity of /2 and the trace is over the auxiliary space. Clearly, the reduced density matrix of an odd number of sites is obtained by tracing out the last spin, which corresponds to trace (A8) over the second site in the last unit cell. Finally, from the spectrum of the reduced density matrix one can easily evaluate the von Neumann entropy S = −Tr(ρ log ρ ) or, more generally, the Rényi entropies S (α) = log[Tr(ρ α )]/(1 − α).
Distance between reduced density matrices
The main difficulty in comparing the theoretical predictions with the numerical data is that, in order to describe the scaling limit ∆ → 0 with ∆t fixed, the simulations should reach very large times t 1. In practice, all algorithms based on MPS representations suffer from the growth of the bipartite entanglement entropy, making it extremely challenging the possibility to investigate the pre-relaxation limit. This forces us to choose not too small values of the parameter ∆, introducing unavoidable corrections o(∆ 0 ) which are beyond our control. The agreement with the mean-field approximation is therefore made evident via a systematic scaling analysis. As ∆ becomes smaller and smaller we aim at showing that, for fixed value of the rescaled time ∆t, the expectation values of local quantities converge to the mean field predictions; more generally, the full reduced density matrix ρ should get closer and closer to the corresponding reduced density matrix ρ MF of the mean-field state ρ MF defined as follows
The approach to the mean-field solution strongly depends on the subsystem size . Indeed, in the mean-field approximation the condition 1/∆ is always verified (since ∆ has been already sent to zero). On the other hand, in the iTEBD numerical simulations, for a finite small value of ∆, one needs to consider small enough subsystems to be in the expected regime of validity of mean-field.
In order to give a quantitative estimation of the deviations between the numerical simulations and the mean-field results it is convenient to compute a distance between the corresponding reduced density matrices. Ref. [11] analyzed the physical meaning of different distances and found a good compromise between practicality and meaningfulness in the following normalized distance: where ε k = cos 2 k 2 + γ 2 sin 2 k 2 and tan θ k = γ tan k 2 . In order to keep the corrections under control, let us isolate the mean-field part
